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Abstract. We reformulate the Kawamata-Shokurov base point 
free theorem by using the notion of b-divisors and saturation of 
linear systems, which was introduced by Shokurov. Combining the 
refined Kawamata-Shokurov base point free theorem with Ambro's 
canonical bundle formula, we quickly reprove the main theorem of 
Kawamata's paper: Pluricanonical systems on minimal algebraic 
varieties, without using the notion of generalized normal crossing 
varieties. We also treat some variants of base point free theorems 
mainly due to Fukuda, and generalize base point free theorems for 
quasi kit pairs. 
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1. Introduction 

In this paper, we reformulate the Kawamata-Shokurov base point 
free theorem (cf. [KMM[ Theorem 3-1-11]) by using Shokurov's new 
ideas: b-divisors, saturation of linear systems. Combining the refined 
Kawamata-Shokurov base point free theorem with Ambro's canonical 
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bundle formula, we can quickly reprove the main theorem of [Klj : Pluri- 
canonical systems on minimal algebraic varieties, without using the no- 
tion of generalized normal crossing varieties. See Theorem I4.2[ Propo- 
sition 14.31 and their proofs. In spite of its importance, the proof of 
Kawamata's theorem |K1[ Theorem 6.1] has not been treated in the 
standard literatures. We think it is because the strategy is the same 
as the proof of the original Kawamata-Shokurov base point free the- 
orem. It is sometimes called X-method. However, the proof of the 
non-vanishing theorem for generalized normal crossing varieties |K1[ 
Theorem 5.1] needs much more technical devices. Another purpose 
of this paper is to show how to use Shokurov's new ideas: b-divisors, 
saturation of linear systems, various kinds of adjunction, and so on, 
by giving a new simple proof to the classical result. Shokurov's paper 
[S] is a reservoir of new ideas and techniques. Finally, we think that 
we can generalize some results in this paper by using the results and 
arguments in [Al] , where Ambro treats varieties with any singularities. 
However, we decide not to touch singularities which are worse than 
(sub) lc singularities to keep this paper readable. Basically, we only 
treat (sub) kit pairs. By this decision, we do not have to discuss Hodge 
structures for reducible varieties. In the introduction of [A5j . Ambro 
himself wrote that some results in [Al] seem to be obscured by the new 
terminology of quasi-log varieties. Without using Hodge structures for 
reducible varieties, we can prove base point free theorems for quasi kit 
pairs. A quasi kit pair is a very special example of quasi-log varieties. 
So, we will discuss them in this paper. We recommend this paper as 
Chapter 8| of the book: Flips for 3-folds and 4-folds. 

Remark 1.1 (Background). A key result we need from Ambro's pa- 
pers is |A2[ Theorem 0.2], which is a generalization of [F3[ §4. Pull-back 
of L S ^, Y ] . It originates from Kawamata 's positivity theorem in |K2j and 
Shokurov's idea on adjunction. For the details, see [A2[ §0. Introduc- 
tion]. We only owe the formulation of the Kawamata-Shokurov base 
point free theorem to [A3] (see Theorem 12.11) . On |A4j . we just use 
Lemma 9.2.2, which is an easy but important calculation. The formu- 
lation and calculation we borrow from |A3j and [A4] grew out from 
Shokurov's saturation of linear systems. 

We summarize the contents of this paper. In Section [H we refor- 
mulate Kawamata-Shokurov base point free theorem for sub kit pairs 
with the saturation condition. To state our theorem, we use the notion 
of b-divisors. It is very useful to discuss linear systems with some base 
conditions. In Section [3j we collect basic properties of b-divisors and 
prove some elementary properties. Section H] is the main part of this 
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paper. Roughly speaking, we will prove the base point free theorem 
for a nef Cartier divisor Dona kit pair (X, B) under the assumption 
that aD — (Kx + B) is nef and abundant for any a > 1, that is, the 
main theorem of |K1] . We will also prove its slight generalization there 
simultaneously. We need this generalization in Section [7J The main 
ingredient of our proof is Ambro's formulation of Kodaira's canonical 
bundle formula. By this formula and the refined Kawamata-Shokurov 
base point free theorem obtained in Section [2J we can quickly prove 
Kawamata's theorem in |Klj without appealing the notion of general- 
ized normal crossing varieties. In Section we treat the base point 
free theorem of Reid-Fukuda type. In this case, the saturation condi- 
tion behaves very well for inductive arguments. So, we contain this to 
help us understand the saturation conditions of linear systems. In Sec- 
tion [61 we prove some variants of base point free theorems. They are 
mainly due to Fukuda |Fk2] . We reformulate them by using b-divisors 
and saturation conditions. Then we use Ambro's formula to reduce 
them to the easier case instead of proving them directly by X-method. 
This route is the same as in Section HI In Section [7J we generalize the 
Kawamata-Shokurov base point free theorem and Kawamata's main 
theorem in |Klj for quasi kit pairs. Theorem 17.101 which is new, is the 
main theorem of this section. Final section: Section [8] is a short survey 
on Ambro's formula. 

Acknowledgments. I was partially supported by The Sumitomo Foun- 
dation and by the Grant-in-Aid for Young Scientists (A) (jl7684001 
from JSPS. 

Notation. We work with Q-divisors B = ^2 biBi on a normal variety 
X. We denote by 

r 5 n = Yy b ^B u lBj = ^Y&iJ-Bi, and {B} = B - lBj 

the round-up, the round- down, and the fractional part of B. We make 
one general remark here. Since the freeness (or semi-ampleness) of a 
Cartier divisor Dona variety X depends only on the linear equivalence 
class of D, we can freely replace D by a linearly equivalent divisor to 
prove the freeness (or semi-ampleness) of D. 

We will work over an algebraically closed field k of characteristic zero 
throughout this paper. 

2. Base point free theorem revisited 

The following theorem is a special case of |A3l Theorem 2.1], where 
he gives a criterion for an M-divisor to be rational and semi-ample. 
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In this paper, we only treat Q- divisors. Therefore, Theorem 12.11 is 
essentially the same as the original Kawamata-Shokurov base point 
free theorem. Kawamata and Shokurov claimed the following theorem 
for kit pairs, that is, they assumed that B is effective. In that case, 
the condition (2) is trivially satisfied. We think that our formulation 
is useful for some applications. See the proof of Theorem 14.21 and 
Proposition 14.31 which is the main theme of this paper. If the readers 
are not familiar with the notion of b-divisors, we recommend them to 
see Section [3] before the proof of Theorem 12.11 

Theorem 2.1 (Base Point Free Theorem). Let (X, B) be a sub kit pair, 
let 7T '. X — ► S be a proper surjective morphism onto a variety S and D 
a n-nef Cartier divisor on X . Assume the following conditions: 

(1) rD — (Kx + B) is nef and big over S for some positive integer 
r, and 

(2) (Saturation Condition) there exists a positive integer j Q such 
that 7r*0 x ( r A(X, B) n + jD) C n*O x (jD) for any integer j > 
jo- 

Then mD is ir -generated for m ^> 0, that is, there exists a positive 
integer m such that for any m > m the natural homomorphism 
^n^OxiniD) — > OxijnD) is surjective. 

Proof. The usual proof of the base point free theorem, that is, X- 
method, works without any changes if we note Lemma 13.141 For the 
details, see, for example, |KMM[ §3-1]. See also remarks in 13.181 □ 



The assumptions in Theorem 12. II are birational in nature. This point 
is indispensable in Section HI We note that we can assume that X is 
non-singular and Supp.B is a simple normal crossing divisor because 
the conditions (1) and (2) are invariant for birational pull-backs. So, 
it is not difficult to see that Theorem 12.11 is equivalent to the following 
theorem. 

Theorem 2.2. Let X be a non-singular variety and B a Q-divisor on 
X such that lBj < and Supp-B is a simple normal crossing divisor. 
Let 7T : X — > S be a projective morphism onto a variety S and D a 
TT-nef Cartier divisor on X . Assume the following conditions: 

(1) rD — (Kx + B) is nef and big over S for some positive integer 
r, and 

(2) (Saturation Condition) there exists a positive integer jo such 
that 7i ll: Ox( r —B~ l + jD) ~ it*Ox(jD) for any integer j > j Q . 
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Then mD is n -generated for m ^> 0, that is, there exists a positive 
integer m such that for any m > m the natural homomorphism 
71*71 xOximD) — » Ox{mD) is surjective. 

The following example says that the original Kawamata-Shokurov 
base point free theorem does not necessarily hold for sub kit pairs. 

Example 2.3. Let X = E be an elliptic curve. We take a Cartier 
divisor H such that degif = and IH ^ for any I e Z \ {0}. In 
particular, H is nef. We put B = —P, where P is a closed point of 
X. Then (X, B) is sub kit and H — (Kx + B) is ample. However, 
H is not semi-ample. In this case, H°(X, Ox( r A(X, B) n + jH)) ~ 
H°(X,O x (P + ]H)) ~ fc for any j. However, H°(X,O x (jH)) = 
for all j. Therefore, the saturation condition in Theorem 12. II does not 
hold. 

We note that Kollar's effective base point freeness holds under the 
same assumption as in Theorem 12 .![ 

Theorem 2.4 (Effective Freeness). We use the same notation and 
assumption as in Theorem 12.11 Then there exists a positive integer 
I, which depends only on dimX and max{r, such that ID is tt- 
generated, that is, 7i*7i*Ox{lD) — > Ox{lD) is surjective. 

Sketch of the proof. We need no new ideas. So, we just explain how 
to modify the arguments in [Kolt Section 2]. From now on, we use 
the notation in [Kolj . In [Kolj . (X, A) is assumed to be kit, that 
is, (X, A) is sub kit and A is effective. The effectivity of A implies 
that H' is /-exceptional in [Koll (2.1.4.3)]. We need this to prove 
H°{Y, Y (f*N + H')) = H°(X,O x (N)) in [K^H (2.1.6)]. It is not 
difficult to see that < H' < r A(X, A)y n in our notation. Therefore, 
it is sufficient to assume the saturation condition (the assumption (2) 
in Theorem 12.11) in the proof of Kollar's effective freeness (see Section 
2 in [Kol] ). We make one more remark. Applying the argument in the 
first part of 2.4 in |Kolj to O x {jD + r A(X, B) n ) on the generic fiber of 
7i : X —>■ S with the saturation condition (2) in Theorem 12. 1\ we obtain 
a positive integer l that depends only on dimX and max{r, j } such 
that 7t*Ox(IqD) 7^ 0. As explained above, the arguments in Section 2 
in |Kol] work with only minor modifications in our setting. We leave 
the details for the readers' exercise. □ 

3. B-DIVISORS 

3.1 (Singularities of Pairs). Let us recall the notion of singularities of 
pairs. We recommend the readers to see |F5j for more advanced topics 
on singularities of pairs. 
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Definition 3.2 (Singularities of Pairs). Let X be a normal variety and 
B a Q-divisor on X such that K x + B is Q-Cartier. Let f : Y —> X 
be a resolution of singularities such that Exc(/) U f~ x B has a simple 
normal crossing support, where Exc(/) is the exceptional locus of /. 
We write 

Then the pair (X, B) is sub kit (resp. sub lc) if > —1 (resp. > —1) 
for any i. The pair (X, B) is kit (resp. Ic) if (X, 5) is sub kit (resp. sub 
lc) and B is effective. In recent literatures, sub kit (resp. sub lc) is 
sometimes called kit (resp. lc). We recommend the readers to check 
the definitions of singularities of pairs when they read recent papers. 

Remark 3.3. Let (X, B) be a kit (resp. lc) pair and / : Y — > X a 
proper birational morphism of normal varieties. We put Ky + By = 
f*{K x + B). Then (Y,B Y ) is not necessarily kit (resp. lc) but sub kit 
(resp. sub lc). 

We will use divisorial log terminal pairs only in Section 

Definition 3.4 (Divisorial Log Terminal). Let (X,B) be an lc pair. 
If there exists a resolution / : Y —>■ X such that Exc(/) and Exc(/) U 
f~ x B are simple normal crossing divisors on Y and 

K Y = r(K x + B) + J2 a ^ 
with di > —1 for all /-exceptional A^s, then (X,B) is called dlt. 

I forgot to include the following well-known theorem in |F5J. 

Theorem 3.5. Let (X, D) be a dlt pair. Then X has only rational 
singularities. 

Proof, (cf. |N2l Chapter VII, 1.1. Theorem]). By the definition of dlt, 
we can take a resolution / : Y — > X such that Exc(/) and Exc(/) U 
Supp/^ 1 /} are both simple normal crossing divisors on Y and that 
Ky + f~ l D = f*(K x + D) + E with r £ n > 0. We can take an 
effective /-exceptional divisor A on Y such —A is /-ample (see, for 
example, jFH Proposition 3.7.7]). Then r £ n - (K Y + f^D + {-E} + 
eA) = -f*{K x + D) -eA is /-ample for e > 0. If < e < 1, then 
(Y, f ~ l D + {-E} + eA) is dlt. Therefore, Wf^Oy^E^) = for i > 
(see jKMMl Theorem 1-2-5] or Lemma E3) and f,Oy{ r E n ) ~ £> x . 
Note that r £ n is effective and /-exceptional. Thus, the composition 
O x — ► Rf*Oy — > Rf^Oy( r E n ) ~ Ox is a quasi-isomorphism. So, X 
has only rational singularities by |Kvl Theorem 1]. □ 
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Remark 3.6. The above proof works for weak log-terminal pairs (see 
|KMM[ Definition 0-2-10]). We state the theorem only for dlt pairs 
since we did not introduce the notion of weak log-terminal pairs. We 
think the proof of Kovacs' characterization of rational singularities \Kv\ 
Theorem 1] is much simpler than the other known proofs. 

Let us recall the definition of log canonical centers. 

Definition 3.7 (Log Canonical Center). Let (X,B) be a sub lc pair. 

A subvariety W C X is called a log canonical center or an lc center 
of (X, B) if there is a resolution / : Y — > X such that Exc(/) U 
Supp/* 7 X B is a simple normal crossing divisor on Y and a divisor E 
with discrepancy —1 such that f(E) = W. A log canonical center 
W C X of (X, B) is called exceptional if there is a unique divisor E w 
on Y with discrepancy —1 such that f(E w ) = W and f(E) D W = 
for every other divisor E ^ E\y on Y with discrepancy —1. 

3.8 (b-divisors) . In this paper, we adopt the notion of b-divisors, which 
was introduced by Shokurov. For the details of b-divisors, we recom- 
mend the readers to see \A3\ 1-B] and [Cl 2.3.2]. The readers can find 
various examples of b-divisors in [I]. 

Definition 3.9 (b-divisor). Let X be a normal variety and Div(X) be 
the free abelian group generated by Weil divisors on X. A b-divisor on 
X is an element: 

D G Div(X) = projlim y ^ x Div(F), 

where the projective limit is taken over all proper birational morphisms 
/ : Y —>■ X of normal varieties, under the push forward homomor- 
phism /* : Div(Y) — > Div(X). A Q-b-divisor on X is an element of 
Div Q (X) = Div(X) ®z Q. 

Definition 3.10 (Discrepancy Q-b-divisor). Let X be a normal variety 
and B a Q-divisor on X such that Kx + B is Q-Cartier. Then the dis- 
crepancy Q-b-divisor of the pair (X, B) is the Q-b-divisor A = A(X, B) 
with the trace Ay defined by the formula: 

K Y = f*(K x + B) + A Y , 

where / : Y — ► X is a proper birational morphism of normal varieties. 

Definition 3.11 (Cartier closure). Let D be a Q-Cartier Q-divisor 
on a normal variety X. Then the Q-b-divisor D denotes the Cartier 
closure of D, whose trace on Y is Dy = f*D, where / : Y — > X is a 
proper birational morphism of normal varieties. 
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Definition 3.12. Let D be a Q-b-divisor on X. The round up r D n G 
Div(X) is defined componentwise. The restriction of D to an open 
subset U C X is a well-defined Q-b-divisor on U, denoted by T)\u. Then 
O x (D) is an Ox-module whose sections on an open subset U C X are 
given by 

H°(U, O x (D)) = {ae k(Xy- (Ja) + T>)\u > 0} U {0}, 

where k(X) is the function field of X. Note that O x (D) is not neces- 
sarily coherent. 

3.13 (Basic Properties). We recall the first basic property of discrep- 
ancy Q-b-divisors. We will treat a generalization of Lemma 13.141 for 
sub lc pairs below. 

Lemma 3.14. Let (X,B) be a sub kit pair and D a Cartier divisor 
on X . Let f : Y — > X be a proper surjective morphism from a non- 
singular variety Y . We write K Y = f*(K x + B) + z ^2a i A i . We assume 
that the support A = UAi is a simple normal crossing divisor. Then 
O x ( r A(X,By + jD) = f*Oy(Y,VA i )®O x (jD) for any integer j . 

Let E be an effective divisor on Y such that E < 'Y^aPAi. Then 
Tr*f*0 Y (E+f*jD) ~ Tr*O x (jD) ifTr*O x fA(X,By+jD) C ^O x (jD), 
where tc : X —>■ S is a proper surjective morphism onto a variety S. 

Proof. For the first equality, see (CJ Lemmas 2.3.14 and 2.3.15] or 
their generalizations: Lemmas 13.251 and 13.261 below. Since E is ef- 
fective, ir*O x {jD) C ttJ*O y (E + f*jD) ~ 7t^O Y (E) ® O x (jD)). 
By the assumption and E < Y] r aPA u Tr*(f*0 Y (E)_ <g> O x (jD)) C 
^{hO^YyaPA^O^jD)) = n*O x ( r A(X,By+jD) C n*O x (jD). 
Therefore, we obtain ttJ*O y (E + f*jD) ~ it*O x (jD). □ 

We will use the first part of Lemma 13.151 in Section HI The vanishing 
theorem in Lemma \3. 151 which we do not need in this paper, is nothing 
but the Kawamata-Viehweg-Nadel vanishing theorem. 

Lemma 3.15. Let X be a normal variety and B a Q- divisor on X such 
that K x + B is Q- Cartier. Let f : Y —+ X be a proper birational mor- 
phism from a normal variety Y . We put K Y + B Y = f*(K x +B). Then 
f*(D Y ( r A{Y,B Y y) = O x ( r A(X,By) andR i UO Y {^A{X,By) = 
for i > 0. 

Proof. Let g : Z — > Y be a log resolution of (Y, B Y ). We put Kz + Bz = 
g*(K Y + B Y ). Then K z + B z = h*{K x + B), where h = f o g : 
Z -> X. By Lemma EH Cy( r A(F, B y ) n ) = g*O z { r -B z ~ 1 ) and 
0x( r A(X ;J B) n ) = tuO z { r -B z ^). Therefore, f*0 Y ( r A(Y, B Y ) n ) = 
O x { r A{X, B)^). Since, -B z = K z - h*{K x +B),we have r -B z n = 
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K z + {B z } - h*(K x + B). Therefore, R*g*O z ( r -B z ~ i ) = and 
R l h i ,Oz( r —Bz n ) = for any i > by the Kawamata-Viehweg van- 
ishing theorem. Thus, R 1 f*Oy{ r A(Y, By) - *) = for i > by Leray's 
spectral sequence. □ 

Remark 3.16. We use the same notation as in Remark l3.3l Let (X, B) 
be a kit pair. Let D be a Cartier divisor on X and 7r : X — > S a 
proper morphism onto a variety S. We put p = ir o f : Y — > S. 
Then p,Oy{]f*D) ~ u*O x {]D) ~ j9,Oy( r A(F, + jf^D) for any 
integer j. It is because /*0y ( r A(F, 5 y ) n ) = £> x ( r A(X, 5) n ) ~ C x 
by Lemma [3.151 

We make a brief comment on the multiplier ideal sheaf. 

Remark 3.17 (Multiplier ideal sheaf). Let D be an effective Q-divisor 
on a non-singular variety X . Then (9x( r A(X, D)~*) is nothing but the 
multiplier ideal sheaf J{X, D) C X of D on X. See [Lj Definition 
9.2.1]. More generally, let X be a normal variety and A a Q-divisor 
on X such that Kx + A is Q-Cartier. Let D be a Q-Cartier divisor on 
X. Then C x ( r A(X, A + D) n ) = J((X, A); D), where the right hand 
side is the multiplier ideal sheaf defined (but not investigated) in JL~| 
Definition 9.3.56]. In general, (9x( r A(X, A + -D)" 1 ) is a fractional ideal 
offc(X). 

3.18 (Remarks on Theorem 12. II) . The following four remarks will help 
us understand Theorem 12.11 

Remark 3.19 (Non- vanishing theorem). By Shokurov's non- vanishing 
theorem (see [KMM1 Theorem 2-1-1]), we have that 7r^O x ( r A(X, B) n + 
jD) ^ for j > 0. Thus we have 7i*O x (jD) ^ for j > by the 
condition (2) in Theorem 12.11 

Remark 3.20. We know that r A(X,5) n > since (X, B) is sub kit. 
Therefore, Tr*O x (jD) C 7r,C x ( r A(X, By + jD). This implies that 
n*O x (jD) ~ n*Ox( r A(X,By + jD) for j > j by the condition (2) 
in Theorem 12.11 

Remark 3.21. If the pair (X, B) is kit, then r A(X,5) n is effective 
and exceptional over X. In this case, it is obvious that ir*Qx(jD) = 
^O x ( r A(X,By + jD). 

Remark 3.22. The condition (2) in Theorem 12.11 is a very elementary 
case of saturation of linear systems. See [Cj 2.3.3] and \A3\ 1-D]. 

3.23. We introduce the notion of non-kit Q-b- divisor, which is trivial 
for sub kit pairs. We will use this in Section [5l 
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Definition 3.24 (Non-kit Q-b-divisor) . Let X be a normal variety and 
B a Q-divisor on X such that Kx + B is Q-Cartier. Then the non-kit 
Q-b-divisor of the pair (X, B) is the Q-b-divisor N = N(X, B) with 
the trace Ny = J2 ai <-i for 

K Y = f*(K x + B) + J2 a ^ 

where / : Y —>■ X is a proper birational morphism of normal varieties. 
It is easy to see that N(X, B) is a well-defined Q-b-divisor. We put 
A*(X, B) = A(X, B) -N(X, B). Of course, A*(X, B) is a well-defined 
Q-b-divisor and r A*(X, B) n > 0. If (X, B) is sub kit, then N(X, B) = 
and A(X,B) = A*(X,B). 

The next lemma is a generalization of Lemma 13.141 

Lemma 3.25. Let (X, B) be a sub Ic pair and f : Y — > X be a resolu- 
tion such that Exc(f) U Supp/^T 1 !? is a simple normal crossing divisor 
onY. We write K Y = f*{Kx+B)+Y, a i A i- Then O x ( r A*(X, B)^) = 
f*OY(J2a l ^-i ra i~ l Ai). In particular, Ox( r A*(X,B)~ l ) is a coherent 
Ox-module. If(X,B) is Ic, then O x ( r A*(X,Bp) ~ Ox- 
Let D be a Cartier divisor on X and E an effective divisor on Y 
such that E < Ea^-i^A- Then ^*f*0 Y {E + f*jD) ~ n*O x (D) if 
n*O x { r A*{X,By + jD) C ir*O x {jD), where tc : X -> S is a proper 
morphism onto a variety S. 

Proof By definition, A*(X,B) Y = E a ^-i a ^- If 9 '■ Y ' Y is a 
proper birational morphism from a normal variety Y', then 

r A*(X, B)y n = g* r A*{X, B) Y n + E, 

where F is a ^-exceptional effective divisor, by Lemma r3.26l below. This 
implies UO Y {fA*{X, B) Y ^) = flO Y ,{fA*{X, B) Y ^), where /' = fog, 
from which it follows that O x ( r A*(X, = /,Oy(E a ^-i r ^ n ^) is 
a coherent C^-module. The latter statement is easy to check. □ 

Lemma 3.26. Let (X, B) be a sub Ic pair and f : Y — > X fee a resolu- 
tion as in Lemma f3. 251 We consider the Q-b-divisor A* = A*(X, B) = 
A(X,B) — N(X, B). If Y' is a normal variety and g : Y' — > Y is a 
proper birational morphism, then 

r A* Y ,-> = g* r A* Y ^ + E, 

where E is a g- exceptional effective divisor. 
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Proof. By definition, we have K Y = f*(Kx + B) + Ay. Therefore, we 
may write, 

K Y ,=g*f*(K x + B) + A Y , 
= g*(K Y -A Y ) + A Y , 
= g*(K Y + {-A* Y } - N y + L-Ayj) + Ay, 
= g*(K Y + {-A* Y } - Ny) + Ay, - g* r A* Y ^. 

We note that (Y, {— A Y } — Ny) is lc and that the set of lc centers of 
(Y, {-A* Y } - Ny) coincides with that of (Y, -A Y - Ny) = (Y, -Ay). 
Therefore, the round-up of Ay/ — g* r Ay n — Ny/ is effective and g- 
exceptional. Thus, we can write r A Y ,~ [ = g* r A Y ~ [ + F, where F is a 
^-exceptional effective divisor. □ 

The next lemma is obvious by Lemma [3.251 

Lemma 3.27. Let (X, B) be a sub lc pair and f : Y — > X a proper 
birational morphism from a normal variety Y . We put K Y + By = 
f*(K x + B). Then /*Oy ( r A*(Y, B Y ) n ) = O x ( r A*(X,By). 

4. Base point free theorem; nef and abundant case 

We recall the definition of abundant divisors, which are called good 
divisors in [Kl|. See [KMM1 §6-1]. 

Definition 4.1 (Abundant divisor). Let X be a complete normal va- 
riety and D a Q-Cartier nef divisor on X. We define the numerical 
Iitaka dimension to be 

v{X,D) = max{e; D e ^ 0}. 

This means that D e ' ■ S = for any e'-dimensional subvarieties S of X 
with e' > e and there exists an e-dimensional subvariety T of X such 
that D e ■ T > 0. Then it is easy to see that k(X, D) < v{X, D), where 
k(X, D) denotes Iitaka's D-dimension. A nef Q-divisor D is said to be 
abundant if the equality k(X, D) = u(X, D) holds. Let 7r : X — > S be 
a proper surjective morphism of normal varieties and D a Q-Cartier 
divisor on X. Then D is said to be 7r-abundant if D\x v is abundant, 
where X v is the generic fiber of it. 

The next theorem is the main theorem of |Klj . For the relative state- 
ment, see |N1| Theorem 5]. We will see that we can reduce Theorem 
14.21 to Theorem 12.11 by using Ambro's results in |A2j and [A4j . which 
is the main theme of this paper. We note that we do not need the no- 
tion of generalized normal crossing varieties introduced by Kawamata 
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in |Klj . Conceptually, our proof grew out from Kawamata's positivity 
theorem (see |K2j ). So, this section is a continuation of [Flj . 

Theorem 4.2 (cf. jKMMl Theorem 6-1-11]). Let (X,B) be a kit pair, 
let 7i : X — > S be a proper morphism onto a variety S . Assume the 
following conditions: 

(a) H is a n-nef Q-Cartier divisor on X , 

(b) H — [Kx + B) is TT-nef and tt- abundant, and 

(c) k(X v , (aH - (K x + B)) n ) > and u(X v , (aH - (K x + B)) v ) = 
v(X r] , (H — (K x + B)) v ) for some a G Q with a > 1, where r\ is 
the generic point of S . 

Then H is tt- semi- ample. 

The original proof of Theorem 14.21 by Kawamata is a very techni- 
cal generalization of X- method. In [Klj . we have to repeat vanishing 
theorems, non-vanishing theorem, and so on, for generalized normal 
crossing varieties (cf. \F5\ 3.10.2]). There are technical difficulties and 
a psychological obstacle to treat reducible varieties. We will prove a 
slight generalization of Theorem 14.21 in this section simultaneously. 

Proposition 4.3. Let (X, B) be a sub kit pair, let tt : X — > S be a 

proper morphism onto a variety S . Assume the following conditions: 

(a) H is a ir-nef Q-Cartier divisor on X , 

(b) H — (Kx + B) is TT-nef and ir-abundant, 

(c) k(X v , (aH - (K x + B)\) > and u(X v , (aH - (K x + B)) v ) = 
u(X v , (H — (Kx + B)) v ) for some a e Q with a > 1, where 7] is 
the generic point of S, 

(d) let f : Y — » Z be the Iitaka fibration with respect to H — (Kx + 
B) over S. We assume that there exists a proper birational 
morphism fi :Y — > X and put Ky + By = fi*(Kx + B). In this 
setting, we assume rank/*CV ( r A(Y, -By)" 1 ) = 1, and 

(e) (Saturation Condition) there exist positive integers b and jo such 
that bH is Cartier and TT*O x ( r A(X, By + jbH) C TT*O x (jbH) 
for any positive integer j > j . 

Then H is tt- semi- ample. 

We recall the definition of the Iitaka fibrations in this paper. 

Definition 4.4 (Iitaka fibration). Let tt : X — > S be a proper surjective 
morphism of normal varieties. Let D be a Q-Cartier Q-Weil divisor on 
X such that ^(X^, .D^) > 0, where r] is the generic point of S. Let 
X ---> W be the rational map over S induced by ^tt^Ox^D) — > 
Ox(tnD) for a sufficiently large and divisible integer m. We consider 
a projective surjective morphism / : Y — > Z of non-singular varieties 
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that is birational to X --- » W. We call / : Y — > Z the Iitaka fibration 
with respect to D over S. 

Remark 4.5. We note that rank/ i)t Oy( r A(y, -By)" 1 ) is a birational in- 
variant for / : Y — > Z by Lemma [3. 151 

Remark 4.6. If (X, 5) is kit and bH is Cartier, then it is obvious that 
7r*Cx( r A(X, P) n + jbH) ~ ii^Ox(jbH) for any positive integer j (see 
Remark [321]). 

The following examples help us to understand the condition (d). 

Example 4.7. Let X = E be an elliptic curve and P G X a closed 
point. Take a general member Pi + P 2 + -P3 G |3P|. We put B = 
l(Pt + P 2 + P 3 ) - P. Then (X, B) is sub kit and K x + B ~ Q 0. In this 
case, O x ( r A(X,By) ~ O x (P) and P°(X, x ( r A(X, P) n )) ~ fc. 

Example 4.8. Let / : X = P p i(O p i © P i(l)) -> Z = P 1 be the 
Hirzebruch surface and C (resp. E) be the positive (resp. negative) 
section of /. We take a general member B Q G |5C|. Note that |5C| 
is a free linear system on X. We put B = —^E + ^B and consider 
the pair (X, B). Then (X, B) is sub kit. We put H = 0. Then H is a 
nef Cartier divisor on X and aP — {Kx + P) ~Q \F f° r ari Y rational 
number a, where P is a fiber of /. Therefor, aH — (Kx + P) is nef and 
abundant for any rational number a. In this case, Ox( r A(X, P) n ) ~ 
O x (E). So, wehaveP°(X,O x ( r A(X,P) n +jP)) ~P°(X,O x (P)) ~ 
k ~ P°(X,C X ) ^ H°(X,O x {jH)) for any integer j. Therefore, vr : 
X — > Spec fc, P, and (X, P) satisfy the conditions (a), (b), (c), and 
(e) in Theorem 14.31 However, (d) is not satisfied. In our case, it 
is easy to see that / : X — > Z is the Iitaka fibration with respect 
to P - (K x + B). Since /,O x ( r A(X, P) n ) ~ f*O x (E), we have 
rank/,0 x ( r A(X,Pr) = 2. 

Remark 4.9. In Proposition 14.3} the assumptions (a), (b), (c) are 
the same as in Theorem 14.21 The condition (e) is indispensable by 
Example 12.31 for sub kit pairs. By using the non- vanishing theorem 
for generalized normal crossing varieties in [Kll Theorem 5.1], which 
is the hardest part to prove in [Klj . the semi-ampleness of P seems 
to follow from the conditions (a), (b), (c), and (e). However, we need 
(d) to apply Ambro's canonical bundle formula to the Iitaka fibration 
/ : Y — > Z. Unfortunately, as we saw in Example 14. 8[ the condition 
(d) does not follow from the other assumptions. Anyway, the condition 
(d) is automatically satisfied if (X, P) is kit (see Lemma I4.1UI below). 
So, there are no troubles to prove Theorem 14.21 
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Proof of Theorem 14.21 and Proposition 14.31 If H — {Kx + B) is 7r-big, 
then the statements follow from Theorem 12 . 1 1 and the original Kawamata- 
Shokurov base point free theorem. Thus, from now on, we assume that 
H — {Kx + B) is not 7r-big. Then there exists a diagram 

Y — Z 



X ► S 

7T 

which satisfies the following conditions (see |KMM|, Proposition 6-1-3 
and Remark 6-1-4] or |N1[ Lemma 6]): 

(i) /i, / and <p are projective morphism, 

(ii) Y and Z are non-singular varieties, 

(iii) \x is a birational morphism and / is a surjective morphism hav- 
ing connected fibers, 

(iv) there exists a tp-nef and y?-big Q-divisor M on Z such that 

V*(H-(K X + B))~ Q f*M Q , 

and 

(v) there is a ip-nef Q-divisor D on Z such that 

fi*H ~ Q f*D. 

Note that / : Y — > Z is the Iitaka fibration with respect to H—(Kx+B) 
over S. We put K Y + B Y = ^*{K X + B) and H Y = n*H. We note 
that (Y, By) is not necessarily kit but sub kit even when (X, B) is kit. 
Thus, we have H Y - {K Y + B Y ) ~q f*M (resp. ify ~q /*-D), where 
M (resp. £)) is a yj-nef and v^-big (resp. <£>-nef) Q-divisor as we saw in 
(iv) and (v). Furthermore, we can assume that D and H Y are Cartier 
divisors by replacing D and H by sufficiently divisible multiples. Of 
course, we can assume that b = 1 in the condition (e). If we need, we 
modify Y and Z birationally and can assume the following conditions: 

(1) K Y + B Y ~q f*(K z + B z + M), where B z is the discriminant 
Q-divisor of (Y, B Y ) on Z and M is the moduli Q-divisor on Z, 

(2) (Z, Bz) is a sub kit pair, 

(3) M is a <£>-nef Q-divisor on Z, 

(4) (^C^C'A^, B z ) n +jD) C ip^OzijD) for every positive integer 
j, and 

(5) D — (Ifz + i?^) is yj-nef and v^-big. 

Indeed, let P C Z be a prime divisor. Let ap be the largest real number 
t such that (Y, -By + tf*P) is sub lc over the generic point of P. It is 
obvious that ap = 1 for all but finitely many prime divisors P of Z. We 
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note that ap is a positive rational number for any P. The discriminant 
Q-divisor on Z defined by the following formula 

B z = ^(1 - a P )P. 
p 

We note that \-B z _i < 0. By the properties (iv) and (v), we can write 

K Y + B Y ~q f*(M 1 ) 

for a Q-Cartier Q-divisor Mi on Z. We define M = M x - (K z + B z ) 
and call it the moduli Q-divisor on Z, where B z is the discriminant Q- 
divisor defined above. Note that M is called the log-semistable part in 
[FM[ Section 4]. So, the condition (1) obviously holds by the definitions 
of the discriminant Q-divisor B z and the moduli Q-divisor M. If we 
take birational modifications of Y and Z suitably, we have that M is tp- 
nef and (Z, B z ) is sub kit. Thus we obtain (2) and (3). For the details, 
see \A2\ Theorems 0.2 and 2.7] or Section [HJ We note the following 
lemma, which we need to apply [A2| Theorems 0.2 and 2.7] (see (2) 
in 18. ip . We use the assumption (d) when (X, B) is sub kit (see also 
Example 14.81 and Remark 14. 9p . 

Lemma 4.10. If{X,B) is kit, then rank/,C y ( r A(Y, B Y ) n ) = 1. 

Proof of the lemma. Since O z ~ f*0 Y Q f*0 Y ( r A(Y, B Y y), we know 
rank/*CV( r A(Y, B Y ) n ) > 1. Without loss of generality, we can shrink 
S and assume that S is affine. Let A be a yj-very ample divisor such that 
/*Oy( r A(F, B Y ) n ) <g> O z (A) is (^-generated. Since M is a y>-nef and 
V?-big Q-divisor on Z, we have O z (A) C 0^(mMo) for a sufficiently 
large and divisible integer m. We note that 7r* / u*CV( r A(F, -By)" 1 + 
f*(mM )) ~ ir*n*O Y (f*(mM )) (cf. RemarkEHU). It is because //(#- 
(K x + 5)) = #y - (AT y + 5y) ~ Q /*M . Therefore, 

<^/*0y( r A(y, Ey)^) ® Z (A)) 
C ^(/^OyfA^^^^O^^Mo)) 

~ ^Oz(mM ). 

So, rank/*CV( r A(Y, -By)" 1 ) < 1. We finish the proof of the lemma. □ 

We know the following lemma by Lemma 9.2.2 and Proposition 9.2.3 
in [A4] . 

Lemma 4.11. We have O z ( r A(Z,B z )^+jD) C /,Oy( r A(F, By) n + 
jHy) for any integer j . 
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Pushing forward it by tp, we obtain that 

<p*O z ( r A(Z,B z )i + jV) C <p*f*0 Y ( r A(Y,B Y )^ + jH^) 

= ir^O Y ( r A(Y,B Y y+jH^) 

~ n*O x ( r A(X,By + jH) 

C n*O x (jH) 

~ 7T^O Y (JH Y ) 

= <pJ*<D Y (jH Y ) 
~ <p.O z (jD) 

for any integer j (see Remark 14.61 and (e) in Proposition 14. 3p . Thus, we 
have (4). The relation F Y - (JT Y + £ y ) ~ Q /*(£> - (K z + B z + M)) 
implies that D — (K z + B z + M) is yj-nef and y?-big. By (3), M is 
tp-nei. Therefore, D — [K z + B z ) = D — (K z + B z + M) + M is 
yj-nef and <p-big. It is the condition (5). Apply Theorem 12.11 to D on 
(Z, B z ). Then we obtain that D is (^-semi-ample. This implies that H 
is 7r-semi-ample. We finish the proof. □ 

Remark 4.12. In Theorem 14.21 we do not know if we can make B z 
effective even when we assume that B is effective. So, our formulation 
in Theorem 12.11 is indispensable. 

4.13 (Corollaries). The following corollaries are obvious by Theorem 

ro 

Corollary 4.14. Let (X,B) be a kit pair, let n : X S be a proper 
morphism onto a variety S. Assume that Kx + B is n-nef and n- 
abundant. Then Kx + B is it -semi- ample. 

Corollary 4.15. Let X be a complete normal variety such that Kx ~q 
0. Assume that X has only kit singularities. Let H be a nef and 
abundant Q-Cartier divisor on X . Then H is semi-ample. 

4.16 (Examples). The following two examples show that the effective 
version of Theorem 14.21 does not necessarily hold. The first one is an 
obvious example. 

Example 4.17. Let X = E be an elliptic curve and m an arbitrary 
positive integer. Then there is a Cartier divisor H on X such that 
mH ~ and IH ^ for < I < m. Therefore, the effective version of 
Theorem 14.21 does not necessarily hold. 

The next one shows the reason why Theorem 12.41 does not imply the 
effective version of Theorem 14.21 
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Example 4.18. Let E be an elliptic curve and G = Z/mZ = ((), 
where ( is a primitive m-th root of unity. We take an m-torsion point 
a G E. The cyclic group G acts onExP 1 as follows: E x P 1 3 (x, [X : 
X 1 ]) i-> (x + a, l(X : Xt}) e E x P 1 . We put X = (E x F^/G. 
Then X has a structure of elliptic surface p : X — > P 1 . In this setting, 
X x = P*(X P i + ^[0] + 2^i[oo]). We put H = p-\0)r Cd . Then # is a 
Cartier divisor on X. It is easy to see that H is nef and H — Kx is nef 
and abundant. Moreover, n(X,aH — Kx) = u(X,aH — Kx) = 1 for 
any rational number a > 0. It is obvious that \mH\ is free. However, 
| IH | is not free for < / < m. Thus, the effective version of Theorem 
I4T21 does not hold. 

5. Base point free theorem of Reid-Fukuda type 
The following theorem is a reformulation of the main theorem of 

Theorem 5.1 (Base Point Free Theorem of Reid-Fukuda Type). Let 

X be a non-singular variety and B a Q-divisor on X such that SuppB 
is a simple normal crossing divisor and (X, B) is sub Ic. Let it : X — > S 
be a proper morphism onto a variety S and D a ir-nef Cartier divisor 
on X . Assume the following conditions: 

(1) rD — (Kx+B) is nef and log big over S for some positive integer 
r, and 

(2) (Saturation Condition) there exists a positive integer jo such 
that 7r,C x ( r A*(X, J B) n +j7J) C tt^Ox(jD) for any integer j > 
Jo- 

Then mD is n-generated for m ^> 0, that is, there exists a positive 
integer itlq such that for any m > itlq the natural homomorphism 
71*71*0 'x(fnD) — > Ox(rnD) is surjective. 

Let us recall the definition of nef and log big divisors on sub lc pairs. 

Definition 5.2. Let (X, B) be a sub lc pair and tt : X — > S a proper 
morphism onto a variety S. Let £ be a line bundle on X. We say that 
£ is nef and log big over S if and only if £ is 7r-nef and 7r-big and the 
restriction £\ w is big over ti(W) for any lc center W of the pair (X, B). 
A Q-Cartier Q-divisor if on X is said to be nef and log big over S if 
and only if so is Ox {cH) , where c is a positive integer such that cH is 
Cartier. 

Proof of Theorem 15.11 We write B = T+B+—B- such that T, B + , and 
£?_ are effective divisors, they have no common irreducible components, 
= 0, and lTj = T. If T = 0, then (X, B) is sub kit. So, theorem 
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follows from Theorem 12.11 Thus, we assume T / 0. Let To be an 
irreducible component of T. If m > r, then mD + r B_~ [ — T — (Kx + 
B + r B_~ [ — Tq) = mD — (Kx + B) is nef and log big over S for the pair 
(X, D + r D_ n -T ). We note that D + r D_ n -T is effective. Therefore, 
i? 1 7r*(9x( r -B_~' — T + mD) = for m > r by the Kawamata-Viehweg- 
Norimatsu type vanishing theorem (see Lemma [5.31 below). Thus, we 
obtain the following commutative diagram for m > max{r, jo} : 

Tr*O x ( r B^ + mD) ► 7i*0 To ( r B_\ T ^ + mD\ To ) ► 

7r*O x (mD) > ir*0 To (mD\ To ). 

Here, we used ir*O x {mD) C ir*O x { r B^+mD) ~ vr,C x ( r A*(X, 5) n + 
mD) C n^OxijnD) for m > j ( see Lemma 13.251) . We put K To +B To = 
(Kx + B)\t q and Dt = D\t q - Then (T ,Bt ) is sub lc and it is easy 
to see that tDt — (Kt + Bt ) is nef and log big over 7r(T ). It is ob- 
vious that To is non-singular and SuppD^ is a simple normal crossing 
divisor. We note that 7r,C ro ( r A*(T , B n y + jD%) ~ ^0 To (j D To ) 
for any j > max{r, jo} follows from the above diagram, that is, the 
natural inclusion i is isomorphism for m > max{r, j Q }. By induction, 
mDx is 7r-generated for m ^> 0. We can apply the same argument 
to any irreducible component of T. Therefore, the relative base lo- 
cus of mD is disjoint from T for m 3> since the restriction map 
Tr*Ox(mD) — > 7t*Ct (^Dt ) is surjective for any irreducible compo- 
nent T °f T. By the same arguments as in [Fkl| Proof of Theorem 
3] , which is a variant of X- method, work without any changes. So, we 
obtain that mD is 7r-generated for m ^> 0. □ 

The following Kawamata-Viehweg-Norimatsu type vanishing theo- 
rem was already used in the proof of Theorem 15.11 The proof is an 
easy exercise by the induction on dimX and the number of the irre- 
ducible components of lAj. 

Lemma 5.3. Let n : X —>■ S be a proper morphism from a non-singular 
variety X. Let A = d{ Aj be a sum of distinct prime divisors such 
that SuppA is a simple normal crossing divisor and di is a rational 
number with < di < 1 for every i. Let D be a Cartier divisor on 
X . Assume that D — (K x + A) is nef and log big over S for the pair 
(X, A). Then R i -K if O x (D) = for every i > 0. 

As in Theorem I2.4[ effective freeness holds under the same assump- 
tion as in Theorem 15.11 
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Theorem 5.4 (Effective Freeness). We use the same notation and 
assumption as in Theorem 15.11 Then there exists a positive integer 
I, which depends only on dimX and max{r, j }, such that ID is re- 
generated, that is, n*ii*Ox{lD) — > Ox{lD) is surjective. 

Sketch of the proof. If (X, B) is sub kit, then this theorem is nothing 
but Theorem 12.41 So, we can assume that (X, B) is not sub kit. In 
this case, the arguments in \Fkl\ §4] works with only minor modifi- 
cations. From now on, we use the notation in |Fkll §4]. By minor 
modifications, the proof in [Fkl, §4] works under the following weaker 



assumptions: X is non-singular and A is a Q-divisor on X such that 
SuppA is a simple normal crossing divisor and (X, A) is sub lc. In \Fkl\ 
Claim 5], is /-exceptional. In our setting, it is not true. However, 
< Ed,- e , +Pl <o r -( c& * - e i +PiV E i < r A*(X,A) y ^, which always 
holds even when A is not effective, is sufficient for us. It is because 
we can use the saturation condition (2) in Theorem 15.11 We leave the 
details for the readers' exercise since all we have to do is to repeat the 
arguments in [Kol[ Section 2] and [Fkl\ §4]. □ 

The final statement in this section is the (effective) base point free 
theorem of Reid-Fukuda type for dlt pairs. 

Corollary 5.5. Let (X, B) be a dlt pair and ir : X —>■ S a proper 
morphism onto a variety S. Let D be a -n-nef C artier divisor on X . 
Assume that rD — [Kx +B) is nef and log big over S for some positive 
integer r. Then there exists a positive integer mo such that mD is re- 
generated for any m > m and we can find a positive integer I, which 
depends only on dimX and r, such that ID is n -generated. 

Proof. Let / : Y — > X be a resolution such that Exc(/) and Exc(/) U 
Supp/~ X S are simple normal crossing divisors, K Y +B Y = f*(K x +B), 
and / is an isomorphism over all the generic points of centers of log 
canonical singularities for the pair (X, B). Then (Y, By) is sub lc, and 
rDy — [Ky + By) is nef and log big over S, where Dy = f*D. Since 
r A*(X,5) n is effective and exceptional over X, p*Oy( r A*(Y,B Y y + 
jD Y ) ~ p*Oy(iD Y ) for any j, where p = tt o /. So, we can apply 
Theorems 15. II and 15.41 to Dy and (Y,By). We finish the proof. □ 

6. Variants of base point free theorems due to Fukuda 

The starting point of this section is a slight generalization of Theorem 
12. 1[ It is essentially the same as [Fkl I Theorem 3]. 

Theorem 6.1. Let X be a non-singular variety and B a Q-divisor on 
X such that (X, B) is sub lc and Suppi? is a simple normal crossing 
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divisor. Let ir : X — > S be a proper morphism onto a variety S and H 
a tt -nef Q- Cartier divisor on X. Assume the following conditions: 

(1) H — (K x + B) is nef and big over S, and 

(2) (Saturation Condition) there exist positive integers b and jo such 
that 7i if Ox{ r A.*(X,B)~ 1 + 3bH) C ir*O x {jbH) for any integer 
j > j , and 

(3) there is a positive integer c such that cH is Cartier and Ot{cH) := 
Ox(cH)\t is n-generated, where T = —N(X,B)x- 

Then H is 7T- semi- ample. 

Proof. If (X, B) is sub kit, then this follows from Theorem 12.11 By 
replacing H by its multiple, we can assume that b = 1, jo = 1, and 
c= 1. Since IH + r A* x n — T — (K x + {B}) = IH-{K X + B) is nef and 
big over S for any positive integer /, we have the following commutative 
diagram by the Kawamata-Viehweg vanishing theorem: 

n*O x (lH + r A x ^) ► ^(0 T (lH)®0 T ( r A x \ T ^)) ► 



ir.O x (lH) > tt.O t (IH). 

a 

Thus, the natural inclusion i is an isomorphism and a is surjective for 
any I > 1. In particular, ir*Ox{lH) ^ for any I > 1. The same 
arguments as in \Fkl\ Proof of Theorem 3] imply that H is 7r-semi- 
ample. □ 

The main purpose of this section is to prove Theorem 16.21 below, 
which is a generalization of Proposition 14.31 and Theorem 16.11 The 
basic strategy of the proof is the same as that of Proposition 14.31 That 
is, by using Ambro's canonical bundle formula, we reduce it to the case 
when H — (K x + B) is nef and big. This is nothing but Theorem 16.11 

Theorem 6.2. Let X be a non-singular variety and B a Q-divisor on 
X such that (X, B) is sub Ic and Suppi? is a simple normal crossing 
divisor. Let n : X — > S be a proper morphism onto a variety S . Assume 
the following conditions: 

(a) H is a it -nef Q- Cartier divisor on X , 

(b) H — (Kx + B) is n-nef and n-abundant, 

(c) k{X v , {aH - [K x + B)\) > and v(X v , {aH - [K x + B)) v ) = 
v(X v , (H — (Kx + B)) v ) for some a G Q with a > 1, where r] is 
the generic point of S, 

(d) let f : Y —* Z be the Iitaka fibration with respect to H — (Kx + 
B) over S . We assume that there exists a proper birational 
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morphism // : Y — > X and put K Y + By = \i*{Kx + B). In this 
setting, we assume rank/*CV( r A*(Y, B Y ) n ) = 1, 

(e) (Saturation Condition) there exist positive integers b and jo such 
thatbH is Cartier andTr*Ox( r A*(X,By+jbH) C ir*O x (jbH) 
for any positive integer j > j , and 

(f) there is a positive integer c such that cH is Cartier and Ot{cH) := 
Ox(cH)\ T is n-generated, where T = —~N(X,B) X - 

Then H is ir- semi- ample. 

Proof. If H — (Kx + B) is big, then this follows from Theorem 16.11 
So, we can assume that H — (Kx + B) is not big. Form now on, we 
use the notation in the proof of Theorem 14.21 and Proposition 14.31 We 
just explain how to modify that proof. Let us start with the following 
obvious lemma. 

Lemma 6.3. We put V = -N(X,B) Y . Then //(T") C T. Therefore, 
Ot'{cHy) := Oy(cHy)\t> is p-generated, where p = it o fi. 

Lemma 6.4. If f(T') = Z, then Hy is p-semi-ample. In particular, 
H is 7r- semi- ample. 

Proof. There exists an irreducible component Tq of T' such that /(Tq) = 
Z. Since (H Y )\ T ^ ~q (f*D)\ T t is p-semi-ample, D is yj-semi-ample. 
This implies that Hy is p-semi-ample and H is 7r-semi-ample. □ 

Therefore, we can assume that X" is not dominant onto Z. Thus 
A(Y, By) = A*(Y,By) over the generic point of Z. Equivalently, 
(Y, By) is sub kit over the generic point of Z. By applying Ambro's 
result as in the proof of Theorem 14.21 and Proposition 14.31 we have the 
properties (1), (3), (5), 

(2') (Z, B z ) is sub lc, _ 

(4') ip*O z ( r A*(Z, B z ) n + jD) C (p*O z (jD) for every positive inte- 
ger j, 

(6) Y and Z are non-singular and Supp-By and SuppBz are simple 
normal crossing divisors, and 

(7) T n(D) := O z [D)\ T n is ^-semi-ample, where T" = -N(Z,B Z ) Z . 

Once the above conditions were satisfied, D is y9-semi-ample by The- 
orem 16.11 Therefore, H is 7r-semi-ample. So, all we have to do is to 
check the above conditions. The conditions (1), (2'), (3), (5), (6) are 
satisfied by Ambro's result. We note that rank/*CV( r A(Y, By)~^) = 
rank/*CV ( r A*(Y, -By)" 1 ) = 1. By the same computation as in \A4\ 
Lemma 9.2.2 and Proposition 9.2.3], we have the following lemma. 

Lemma 6.5. O z ( r A*(Z, B z y+jD) C f*Oy( r A*(Y, B Y y+jW) for 
any integer j . 
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Thus, we have (4') by the saturation condition (e) (for the details, see 
the proof of Theorem 14.21 and Proposition 14.31 and Lemma [3 . 2 7|) . By 
definition, we have lH Y + r A Y n -T'-{K Y +{B Y }) ~q f*((l-l)D+M ). 
Note that (/ - l)D + M is <p-nef and (p-hig for I > 1. By Kollar's 
injectivity theorem, 

P*O y (IH y + r A^ - T) -> v*O y {IE y + r A^) 

is injective for I > 1. Here, we used the fact that /(T") C Z. So, we 
have the following commutative diagram: 

P*O y {IH y + r A* Y ^) > p,{0 T ^lH Y )®0 TI { r A Y \ T ^)) ► 

= t 
P*O y (IH y ) ► P *Ot>(!H y ). 

a 

The isomorphism of the left vertical arrow follows from the saturation 
condition (e). Thus, the natural inclusion i is an isomorphism and a 
is surjective for I > 1. In particular, the relative base locus of IH Y 
is disjoint from T' if Ot'{IH y ) is p-generated. On the other hand, 
Hy ~q f*D. Therefore, by Lemma fo.'3\ Ot»{D) is yj-semi-ample since 
T" C f(T'). So, we obtain the condition (7). We complete the proof 
of Theorem 16.21 □ 

Finally, we obtain a slight generalization of Fukuda's result (cf. \Fk2\ 
Proposition 3.3]) as a corollary of Theorem 16.21 Before we go to the 
corollary, let us recall the definition of non-kit loci. 

Definition 6.6 (Non-kit locus). Let (X, B) be a sub lc pair. We 
consider the closed subset 

Nklt(X, B) = {x e X | (X, B) is not kit at x} 

of X. We call Nklt(X, B) the non-kit locus of (X, B). 

Corollary 6.7. Let (X, B) be an lc pair and tt : X — > S a proper 
morphism onto a variety S . Assume the following conditions: 

(a) H is a n-nef Q-Cartier divisor on X, 

(b) H — (Kx + B) is 7r-nef and n-abundant, 

(c) K(Xn, {aH - (K x + £))„) > and u(X v , {aH - (K x + B)) v ) = 
u(X v , (H — (Kx + B)) v ) for some a £ Q with a > 1, where rj is 
the generic point of S , 

(f) there is a positive integer c such that cH is Cartier and Ot{cH) := 
Ox{cH)\t is 7T -generated, where T = Nklt(X, B) is the non-kit 
locus of (X, B) . 

Then H is it- semi- ample. 



BASE POINT FREE THEOREMS 



23 



The readers can find an application of this corollary in [Fk2j. 

Proof. Let h : X' — > X be a resolution such that Exc(/t) USupp/i" 1 ^ is 
a simple normal crossing divisor and Kx 1 + Bx' = h*(Kx + -B). Then 
Hx> = h*H, (X', B x >), and ir' = n o h : X' — > S satisfy the assump- 
tions (a), (b), and (c) in Theorem 16.21 By the same argument as in the 
proof of Lemma [4.101 we obtain rank/ ;(! (9y( r A*(y, -By)" 1 ) = 1, where 
/ : Y —>■ Z is the Iitaka fibration as in (d) in Theorem 16.21 Note that 
r A*(Y,By)~ [ is effective and exceptional over X. Since B is effective, 
r A*(X, B) n is effective and exceptional over X, ( r A*(X', B x >y+ 

jbHx 1 ) Q k'^O x> {jbH x>) for any integer j, where b is a positive integer 
such that bH is Cartier. So, the saturation condition (e) in Theorem 16. 21 
is satisfied. Finally, Ot'(cHx>) '■= Ox'(cHx>)\t> is 7r'-generated, where 
X" = — N(X, B)x>, by the assumption (f) and the fact that h(T') C T. 
So, the condition (f) in Theorem 16.21 for Hx> and (X',Bx>) is satis- 
fied. Therefore, Hx> is 7r'-semi-ample by Theorem 16.21 Of course, H is 
7r-semi-ample. □ 

Remark 6.8. (i) It is obvious that Supp(-N(X, B) x ) C Nklt(X,5). 
However, in general, Supp(— N(X, B)x) £ Nklt(X, B). In particular, 
Nklt(X, B) is not necessarily of pure codimension one in X. 

(ii) If (X,B) is dlt, then Nklt(X,5) = Supp(-N(X, B) x ) = lBj. 
Therefore, if (X, B) is dlt, then Corollary 16.71 is nothing but Fukuda's 
result |Fk2l Proposition 3.3]. 

7. Base point free theorems for quasi klt pairs 

In this section, we generalize the Kawamata-Shokurov base point 
free theorem and Kawamata's theorem: Theorem 14.21 for kit pairs to 
quasi kit pairs. First, we introduce the notion of quasi kit pairs. 

Definition 7.1 (Quasi kit pair). Let W be a normal variety. Assume 
the following conditions: 

(1) there exist a sub kit pair (V,B) and a proper surjective mor- 
phism / : V — > W with connected fibers, 

(2) f*O v ( r A(V,By)~O w , and 

(3) there exists a Q-Cartier Q-divisor K, on W such that Ky + B ~q 
f*K. 

Then the pair (W, K, — K\y) is called a quasi kit pair. 

Remark 7.2. In Definition 17. 1[ we assumed that W is normal. How- 
ever, the normality of W follows from the condition (2) and the nor- 
mality of V. Note that r A(V, By is effective. 
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We note that a quasi kit pair is a very special example of Ambro's 
quasi- log varieties (see [Al[ Definition 4.1]). 

Remark 7.3. In the definition of quasi kit pairs, if (V, B) is kit, 
then f*Ov( r A(V,B)~ l ) ~ Ow is automatically satisfied. It is because 
r A(V, _B) n is effective and exceptional over V. 

We think that the following well-known question is still open. If it 
holds true, then Theorem ETO] is obvious by Kawamata's theorem: The- 
orem S21 

Question 7.4. Does there exist an effective Q-divisor Aw on W such 
that K ~q K w + A w and the pair (W, A w ) is kit? 

7.5 (Examples). We collect basic examples of quasi kit pairs. 

Example 7.6. A kit pair is a quasi kit pair. 

Example 7.7. Let / : X — > W be a Mori fiber space. Then we can 
find a Q-Cartier Q-divisor /C on W such that (W, /C — Kw) is a quasi 
kit pair. It is because we can find an effective Q-divisor B on X such 
that K x + B ~ Qi/ and (X, B) is kit. 

Proposition 7.8. An exceptional le center W of a log canonical pair 
(X, B) is a quasi kit pair for some Q-Cartier Q-divisor K, onW . 

Proof. Let g : Y — > X be a resolution such that Exc(g) U g~ 1 B has 
a simple normal crossing support. We put K Y + By = g*{Kx + B). 
Then -By = A(X, B) Y = A Y = A Y + N y , where N y = - J2i =0 Ei- 
Without loss of generality, we can assume that f(E) = W and E = E . 
By shrinking X around W, we can assume that Ny = — E. Note 
that i? 1 (7*(9y( r A y n — E) = by the Kawamata-Viehweg vanishing 
theorem since r A y n - E = K Y + {-A Y } - g*(K x + B). Therefore, 
g^O Y ( r A Y n ) ~ O x — > g*0 E { v 'A Y \ E n ) is surjective. This implies that 
g*0 E( r A y \e~^) — Ow- In particular, W is normal. If we put Ke + 
B E = (K Y + B Y )\ E , then (E, B E ) is sub kit and A* Y \ E = A(E,B E ) E = 
-B E . So, g*(D E ( r A(E, B E ) n ) = g*0 E ( r -B E ^) ~ O w . Since K E + 
B E = (K Y + By)\e and K Y + B Y = g*(K x + B), we can find a Q- 
Cartier Q-divisor /C on W such that K E + B E ~q g*)C. Therefore, W 
is a quasi kit pair. □ 

The following theorem is the Kawamata-Shokurov base point free 
theorem for quasi kit pairs. We give a simple proof depending on 
Kawamata's positivity theorem. Theorem 17.91 seems to be contained in 
[ATI Theorem 7.2]. 
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Theorem 7.9. Let (W, K, — Kw) be a quasi kit pair, let tt : W — > S be 

a proper morphism onto a variety S and D a ir-nef Cartier divisor on 
W . Assume that rD — K, is rr-nef and it -big for some positive integer 
r. Then mD is re-generated for m ^> 0, that is, there exists a posi- 
tive integer m such that for any m > m the natural homomorphism 
n*n^Ow(fnD) —> Ow{ttiD) is surjective. 

Proof. Without loss of generality, we can assume that S is affine. By 
Kawamata (see \K2\ Theorem 1] or [Fit Theorem 1.2]), we have 

/C + e(rD - K) ~q K w + A w 

such that (W, Aw) is kit for some rational number < e <C 1 (for the 
details, see, for example, [Ko2l Theorem 8.6.1]). Then rD — {Kw + 
Aw) ~q (1 — s){rD — /C), which is 7r-nef and 7r-big. Therefore, mD is 
7r-generated for m ^> by the usual Kawamata-Shokurov base point 
free theorem. □ 

The next theorem is the main theorem of this section. It is a gener- 
alization of Kawamata's theorem in |Klj for quasi kit pairs. 

Theorem 7.10. Let (W, K, — Kw) be a quasi kit pair and tc : W — > S 
a proper morphism onto a variety S. Assume the following conditions: 

(i) H is a ix-nef Q- Cartier divisor on W , 

(ii) H — K, is ir-nef and ^-abundant, and 

(iii) K{W^{aH-K) n ) > andv(W,{aH -K\) = u(W v , (#-£)„) 
for some a G Q with a > 1, where rj is the generic point of S . 

Then H is tt- semi- ample. 

Proof. By the definition of quasi kit pairs, there exists a proper surjec- 
tive morphism / : V —> W from a sub kit pair (V,B). Without loss 
of generality, we can assume that V is non-singular and Suppi? is a 
simple normal crossing divisor. By the definition, f*Oy( r — B n ) ~ Ow- 
From now on, we assume that H is Cartier by replacing it with its 
multiple. Then f*Oy( r —B^ + jH v ) ~ Ow{jH) by the projection for- 
mula for any integer j, where Hy = f*H. By pushing it by tt, we 
have p*O v ( r A(V, By + jHv~) = p*O v ( r -B^ + jH v )^ ~ ir*O w {jH) ~ 
p*Ov{jHy) for any integer j, where p = tt o /. This is nothing but 
the saturation condition: Assumption (e) in Proposition I4.31 We put 
L = H — JC. We consider the Iitaka fibration with respect to L over S 
as in the proof of Theorem I4.2I and Proposition I4.31 Then we obtain 
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the following commutative diagram: 

V V 

f 

w u 



s 



where g : U — > Z is the Iitaka fibration and fi : U — > W is a birational 
morphism. Note that we can assume that / : V — > W factors through 
U by blowing up V . 

Lemma 7.11. rank/i*CV( r A(V, 5) n ) = 1, where h : V -> U -> Z . 

Proof of the lemma. This proof is essentially the same as that of Lemma 
14.101 First, we can assume that S is affine. Let A be an ample divisor 
on Z such that h*O v ( r A(V, B) n ) <g> O z (A) is ^-generated. We note 
that we can assume that fi*L ~q g*M since L is 7r-nef and 7r-abundant, 
where M is a y-nef and y-big Q-divisor on Z. If we choose a large and 
divisible integer m, then Oz{A) C Oz{mM). Thus 

<^0y( r A(V,E) n )®£MA)) 

~ p,CV( r A(V, By + mf^L) 
~ 7r»0 w (mL) 
~ (p*O z (mM). 

Therefore, we have rank/i„£V( r A(y, 5) n ) < 1. Since O z C /^CV C 
fr*£V( r A(V, we obtain rank/i*£V( r A(V, = 1 □ 

Note that h : V — > Z is the Iitaka fibration with respect to f*L over 
S*. The assumption (c) in Proposition l4.3l easily follows from (iii). Thus, 
by Proposition 14.31 we have that Hy is p-semi-ample. Equivalently, H 
is 7r-semi-ample. □ 

8. Appendix: Quick review of Ambro's formula 

In this appendix, we quickly review Ambro's canonical bundle for- 
mula. For the details, see the original paper |A2j or Kollar's survey 
article [Ko2j . 

8.1. Let / : X — > Y be a proper surjective morphism of normal vari- 
eties. Let p : Y — > S be a proper morphism onto a variety S. Assume 
the following conditions: 
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(1) (X, B) is sub kit over the generic point of Y, 

(2) rank/,C x ( r A(X, J B) n ) = 1, and 

(3) K x + B ~ Q)/ 0. 

By (3), we can write Kx + B ~q f*D for some Q-Cartier Q-divisor 
D on y. Let By be the discriminant Q-divisor on K. We put My = 
D — [Ky + By) and call My the moduli Q-divisor on F. Then we have 
K x + B ~ Q /*(ify + By + My). In jFMl Section 4], My is called 
the log-semistable part. Let us recall the definition of By quickly. Let 
P C Y be a prime divisor. Let ap be the largest real number t such 
that (X, B + tf*P) is sub lc over the generic point of P. Note that P is 
Cartier around the generic point of P. It is obvious that ap = 1 for all 
but finitely many prime divisors P of Y. We note that ap is a positive 
rational number for any P. Then we put By = ^p c y(l — ap)P. 

Let a : V — > y be a proper birational morphism from a normal 
variety Y' . Then we obtain the following commutative diagram: 

X ^— X' 

r 

Y < Y' 

(7 

such that 

(i) /i is birational morphism from a normal variety X', 

(ii) we put Kx' + B' = fi*(Kx + B). Then we can write Kx'+B' ~q 
f'*(Ky/ + By i + My/), where 5y/ is the discriminant Q-divisor 
on y' associated to /' : X' — > Y'. 

Ambro's theorem \A2\ Theorems 0.2 and 2.7] says 

(a) Kyi + By i is Q-Cartier and v*{Ky> + By/) = Kyn + Sy«, and 

(b) the moduli Q-divisor My/ is nef over S and v*(My) = My 
for every proper birational morphism u : Y" — > Y' from a normal va- 
riety Y" if we choose Y' appropriately. We note that the nefness of 
the moduli Q-divisor follows from Fujita-Kawamata's semi-positivity 
theorem. It is a consequence of the theory of variation of Hodge struc- 
tures. For the details, see, for example, [Ml Section 5], \F4\ Section 5], 
or [Ko2] . 
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